JOURNAL OF DIFFERENTIAL EQUATIONS 20, 356-368 (1976)

Stabilization of Concentration Profiles in Catalyst Particles
J. M. BaLL
Department of Mathematics, Heriot-Watt University, Edinburgh, Scotland
AND

L. A. PELETIER

Department of Mathematics, Delft University of Technology, Delft, The Netherlands
Received November 26, 1974

INTRODUCTION
In a receni paper [1], Aronson and Peletier studied the giobal stability of
concentration profiles in a one-dimensional model of a catalyst particle. They
considered an infinite slab of homogeneous material with catalytic material
situated on both of its faces. The slab is immersed in a bath in which the
concentration of the reactant is kept at a constant value. This led to the study
of the following mixed initial-boundary value problem

U = Uy, , for 0<x <1, t>0, (1)
1,2, 1) = (—1) Af(u(i, 1)), for ¢=0,1, t>0, 2
u(x, 0) = (x), for 0 <<, 3)

Here x denotes the spatial coordinate perpendicular to the faces of the slab,
these being situated at ¥ == 0 and x = 1. The variable ¢ denotes time, u
denotes a dimensionless concentration and A denotes a positive parameter.
The function f appearing in the boundary conditions is given by

F@) = [kyu|(1 + ku)?] +u— 1,

in which %, and &, are suitably chosen positive constants. This function is
related to the rate of consumption of the reactant by the catalytic material
situated on the faces.

It was shown in [1] that for each i e C([0, 1]) problem (1)-(3) has a
unique solution u(x, ;). It was also shown that dependmg on the value
of A, problem (1), (2) could have 3, 5, 7, or 9 equilibrium solutions. The main
amnhacis in 11 was an a dlSC‘JSSiOn Of the que hnn of stabilitv nf these
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equilibrium solutions. Specifically, if #(x) is such an equilibrium solution,
a’partial characterization was given of the region of attraction A(#), where

A(#) det {¢ € C([0, 11): u(x, t, ¥) — #(x) uniformly on [0, 1] as ¢ — oo}

In this paper we shall be interested in the following question. Given any
¢ € C([0, 1]), must u(x, ¢; ) converge as t — o0 to some equilibrium solution ?
That is, is it true that

U A&) = C([0, 1)),

where {#;}, j = 1, 2,..., , is the set of equilibrium solutions ? We shall show
that this is indeed the case, and that in addition convergence to the relevant
equilibrium solution holds in CY([0, 1]).

In [1] the value of A and the form of the function f played an important role
in the characterization of the equilibrium solutions and their regions of
attraction. In the present paper we shall not be interested in a detailed
description of the equilibrium solutions. It will therefore be possible to
obtain without extra effort the above result for the more general problem

U = Uy 0<x<1, t>0, (4)
u(i, t) = (—1) fi(u(?, 1)), i=0,1, t>0, )]
u(x, 0) = f(x), 0<x <1, 6)

in which f, and f; are twice continuously differentiable functions defined
on R, each satisfying the following hypotheses:

(H1) There exists a positive constant @ <C o such that
sfs) >0  for |s|>a

As we shall see, this condition ensures that
(i) problem (4), (5) has at least one equilibrium solution;
(ii) u(x, t; ) is uniformly bounded for 0 < x» <1, ¢ > 0.

(H2) The equilibrium solutions of problem (4), (5) are isolated in
(o, 11).

To prove our result we will use the invariance principle discovered for
ordinary differential equations by LaSalle and extended to general semigroups
by Hale [9]. The earliest example of the use of similar techniques to study the
asymptotic behavior of a partial differential equation seems to be the work of
Zelenyak [11]. Invariance techniques have now been successfully applied
to a number of problems involving partial differential equations (see, for
example, [2, 8]). In particular, a result similar to ours for solutions of a one-
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dimensional semilinear parabolic equation with zero Dirichlet data at the
lateral boundary has been established by Rudenko [10], who used a result
due to Zelenyak [12], and by Chafee and Infante [5]. Recently the same
problem with zero Neumann data was treated by Chafee [4] who has also
studied in [3] a related problem on an infinite interval.

The major burden of our work is to show that the solution u(x, t; ¢) has
sufficient regularity properties for the invariance principle to be applied. In
particular, we show that if b € C([0, 1]) then u,(., .; ) € C([0, 1] X [a, b]) for
0 <a < b < 0. This is done in Section I by considering the equivalent
system of Volterra integral equations and by use of the maximum principle
for the heat equation. Then in Section II we fairly rapidly prove the main
result.

I

We first introduce some notation. We shall write

Or ={(x,):0<x<1,0<t<T},
Sy ={(x,8):2€{0,1},0 <t T},

where 7' > 0 may be infinite. Let Q = Q,,, S = S, . Denote by O; the
closure of Q5 .

A function u = u(x, t; ) is said to be a solution of problem (4)—(6) if
u € C(Q), u, € C(Q U S), 4y, € C(Q), u;, € C(Q), and (4)—(6) hold. For problem
(1)-(3), which can be reduced to a special case of (4)-(6), existence and
uniqueness was established in [1]. However, examination of the proof reveals
that the only properties of the function f in (2) which were needed were that
f€ C¥R) and a property which ensured that u(x, ¢; 4) is uniformly bounded
in Q. In problem (4)—(6) it is hypothesis (H1) which takes care of the bounded-
ness of u. To prove this we use a slight variation of a maximum principle
established in [1].

Lemma 1. Let wi(x) = p; + (¢; — ps)x for j = 1, 2. Assume that
G 2P+ P, P2 @+ A4

and
@ < P2+ foP2)y P2 < g2t f1(g0)
If s satisfies
o, <¢y<w, on [01]
then

u@) <ulx, ) <vE i 0.

For the proof we refer to [1].
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Given any i € C([0, 1]) there exists a constant u* satisfying

(i) u* > max{a,, a;}, where g, is the constant defined in hypothesis
(H1) for the function f; ({ = 0, 1), and

(i) u* > |(x)| for all x [0, 1].
By Lemma 1 and hypothesis (H1),
—u* Lulx, t; ) <w* inQforallt>0. @)

By (7) the asymptotic behavior of u(x, ¢; ) is unaffected by the values of f;
outside [—u*, u*].

Thus, since f; € C¥R), without loss of generality we may and shall assume
that there are constants M; (f = 0, 1, 2) such that for i = 0 and 1,

I < M,, L/ < M, Lfi) < M, for all seRR,

where primes denote differentiation.
One can now proceed as in [1] to prove the following result.

TueorREM 1. Let iy € C([0, 1]). Then problem (4)~(6) possesses a unique
solution. Moreover, for each T > O there exists a constants Cr such that

max L, 15 4hy) — ule, 15 4g)| < Crmaax | 4y (x) — ()]

Jor any iy , iy € C([0, 1]).

Let u(x, t; ) be the solution of problem (4)—(6). By means of the following
lemma we can reduce our problem to one only involving the two functions
#(0, t) and u(1, ). (For convenience we shall sometimes omit reference to .)

LemMA 2. Let w(0, t) and u(1, t) belong to CY0, o). Then u, C([0, 1] X
{a, b]) for 0 <a < b < 0.

Proof. Let G(x, £ t) be the Green function for the heat equation on
(0, 1) x (0, o0) with zero Neumann data. It can be given explicitly by

Gx, &t)=1+2Y) "7 cos nx cos nwéf.

n=1

Then the solution # of problem (4)—(6) can be written as

uw 1) = [ CGx, £, 1) () d — >, (G, i, t — 7) fifuti, 7)) dr. (®)
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To begin with, we assume that u(Z, t) € CY([0, 0)) for i =0, 1. We
substitute 7 = ¢ — s in (8) and differentiate with respect to ¢. This yields

uf, ) = | Gy, £, 1) (6 dE — z Gx, i, 1) fiu(i, 0))

— i f Gy i, ) £ (ull, t — $) WGy £ — 5) ds.

If 0 < a < b < oo we can use the expression for G to write the first term as a
uniformly convergent series of functions in C([0, 1] X [a, b]). Hence this
term belongs to C([0, 1] X [a, b]).

The second term clearly belongs to C([0, 1] X [a, b]). To treat the third
term, note that both f;'(u(i, ¢ — 5)) and ¥'(z, ¢ — s) are bounded for 0 <s <.
Moreover, for x, £ € [0, 1],

ft | Gx, &, 1) ds <t 423 [(1 — e ") /n2a?].

0 n=1
Hence this term can also be expressed as a uniformly convergent series of
functions belonging to C([0, 1] X [a, b]) and therefore belongs itself to
C([0, 1] X [a, B]).

Thus we have shown that u, € C([0, 1] X [a, b]) if #/(i, £) is continuous up

to £ = 0 for { = 0 and 1. It remains to dispose of this last condition. Instead
of problem (4)—(6) we consider the problem (4), (5) with initial value

P(x) = u(x, 73 )
for some 7 > 0. Since u(x, t; ) = u(x, t + 7;¢) it follows that u(i, ;) €
CY([0, 0)). By the first part of the proof uy., .; §) € C([0, 1] X [a, 8]) for
0 < a << b < oo and hence u,(., .; ) € C([0, 1] X [a, b]) forT << a << b < c0.
Since we may choose  as small as we wish, it follows that u,(., .; $)e
C([0, 1] X [a, b]) whenever 0 << a < b <C co.

It follows from (8) that the functions u,(t) = u(7, t; ) satisfy the pair of
Volterra integral equations

w) = [ 6660w dt = X [t — fw) dr =01,

where g,;(t) = G(3, §,2). To write these equations more compactly, we introduce
the vector-valued functions u(t) = (u4(t), (1)), f(#) = (foluy), fi(w;)) and
$(t) = (Bo(t), $:(1)), where $i(t) = [3 G, & 1) (£) d¢, and the matrix
G(t) = (g4(t)). We then obtain

ut) = ) — [ 6t — ) f(ulr) d. ©)
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Let I be an interval on the real line, and let €%() be the set of functions
I — R? which, together with their first £ derivatives, are continuous on I.
In [1] it was shown that (9) has a unique solution u, which for every T > 0
belongs to €([0, T']). It follows from Lemma 2 that it will be enough to prove
that in addition « belongs to (0, T'). It will be helpful to prove the following
lemma, which is also of critical importance for the analysis in Section II.

Lemma 3. Let € C([0, 1]) and let & > 0. There exists a constant k > 0
such that | u{x, t; )| < kforallx€[0, 1] and t > 8.

Proof. We have already shown that u(x, ¢; ) is uniformly bounded on §,
and thus on S. In view of the boundary conditions (5) this implies that u_ is
bounded on S. Moreover, since & > 0, u(., 8; ) € CY([0, 1]). Thus u, is
bounded on the parabolic boundary of the cylinder [0, 1] X [8, o). Since #,,
satisfies the heat equation in Q, it follows by the maximum principle that u,
is bounded in [0, 1] X [3, oo) as required.

Next we estimate the behavior of ¢(f) and ¢'(z). Because G(x, &, ¢) is
singular at t = 0, we may also expect ¢'() to be singular at ¢ = 0. Let

J(x, 1) = [1/2(nt)2] e2*%,  xeR,t >0,

denote the source function for the heat equation in one dimension.
Let ¢ € C([0, 1]) and let f denote the unique extension of i to R which is
symmetric with respect to x = 0 and x = 1. Then

f: G(x, &, t) $(§) df = f_m Jx— &) d¢é, xe[0,1],¢ > 0. (10)
It follows that ¢ € C([0, 0)), and that
|$0)] <max|g@)], 120, i=0,1. (11)
Also, if ¢ € CY[0, 1)), .
#0) =— [ Ki—aod©d
and thus, by a routine computation,
16/ < [(=t) ] max [¢'(=)], >0, i=0,1L (12)

We also need an estimate for the behavior of the functions g;(2) as t — 0.
From (10) we see that

G(x, ¢, t) = f {Jx — € —2n,8) + J(x + € — 2n, 1)}

n=—=uw0

505/20/2-6
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Hence
[ £:4()] < (t), t>0,

where

MQEG@anzf J(—2n, t).

A=

An elementary computation now shows that (i) w(?) is continuous and non-
increasing for ¢ > 0, and (ii) w(¢) ~ (w2)"1/2 as t — 0+,

For future reference we introduce three functions Z,(t) i = 1, 2, 3 which
are related to w(z). Let a € (}, 1) and

t

Mg:fw@m, for t>0,
0

hy(t) = sup s*w(s), for t >0,
(0.1

hy(t) = sup s* fs w(s—r)yr=dr, for t>0.
(0.7 Yo

It is clear from properties (i) and (ii) of w that the functions h; are well
defined. Moreover, h; — 0 for t — 0+ and i = 1, 2, 3. The value of « will
be fixed throughout our discussion.

In view of the singular behavior of ¢’ we shall discuss (9) in a weighted
space of continuous functions.

DerFiNitION.  Let y > 0. We denote by X(y) the space of functions
{ e €([0, y]) N (0, y]) such that

[lix = Z {?SIP) [ L) + i‘)lp) | 2,/ (2)]} << o0.

It is not difficult to show that (X(y), || - {[x) is a Banach space. We shall
frequently omit reference to y.

THEOREM 2. Let e C([0, 1]). Then u(t) = (uy(t), uy(t)) belongs to
€Y 0, T) for every T > 0.

Proof. By an argument similar to that at the end of the proof of Lemma 2
it is clear that without loss of generality we may suppose that ¢ € C([0, 1]).
Now define the operator 4 by

(Au)(t) = fot G(t — 1) f (u(7)) dr.
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Then (9) can be written as
u=¢— Au
We shall first show that the operator
Ku=¢ — Au

is a contraction on a certain closed ball of X(y) for y sufficiently small. The
existence and uniqueness of a solution of (9) in X(y) then follows from
the well-known Banach fixed point theorem. We will then show how this
argument may be repeated to show that u(z) € €10, T) for any T > 0.

Since « > 4, it follows from (12) that ¢ € X. We now show that because
a << 1 the operator 4 is defined and bounded on X. Let u € X. Then we
have for ¢ =0, 1 and t € (0, y)
1
2

i=0

I(Auw)(2)] =

[[ gt = o) ar | < 20100,

and hence
| Aulle < 4Mohy(y),
where

I Llle = . sup | L(2)l.

i=1 (0.v)

Moreover, it follows after a straightforward computation that for i = 0, 1:

(40:0) = X g0 S0 + X, [ ult — o) 5/l s .
Hence
| t2(Au); ()] < 2Mtow(t) + Myt fo Ca(t — 1) e dr || [
and therefore

| £5(Au) e < AMoho(y) 4 2Mhy(y) [ tou' |
Thus

| Aullx < 4My(hy + hy) + 2M;hg |y (13)
Suppose that R > 0 and || # — ¢ ||y < R. Then it follows from (13) that
| Ku— ¢y < 4My(hy + hy) + 2Mhy(ll b 1l + R).

Hence, because A(y) —0 and |/ ¢ ||y does not increase as y — 0+, there
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exists y, > Osuch that|| Ku — ¢ ||y < Rify <y, . Thus, if y < vy, K maps
the closed ball

Bp(¢) ={le X:[[{ —¢lx < R}

into itself.

We next show that K is a contraction for sufficiently small values of y. This
will be so if 4 is a contraction for small y.

Let u, v € By($). Then we obtain, using the mean value theorem and the
bound for g;; :

[(Aw)(t) — (Av)i(8) < M, Z ‘[’t w(t — 1) ui(7) — v;(v)| dr

<M1hl(}’)|!u—v|’g7 l :03 19
when 0 <<t < y. Hence

| Au — Avlle < 2Miy(y) | u —vllg .
Similarly, we obtain

|| e Au) — t4Av) llg < 2(Myhy + RMyhg 4 || [lx Mahs) | u — v le
A2Mibg | tru — 20 (g .

Therefore
| Au — Av|ly <L(y) [l — vllx,
where

L{y) = max{2M;[hy(y) + ha(y)] + 2M[R + [ $ lIx] 2s(y), 2M;hoy)}-

Because A;(y) — 0 and | ¢ |y does not increase as y — 04, L(y) >0 as
y — 0+ and there exists a number y; > 0 such that L(y) <1 if y <y, .
Thus if y < y* = min{y,, y,}, the operator K is a contraction which maps
By(¢) into itself.

We now note that the above argument establishes that y* <1 may be
chosen so that, for any ¢ in a bounded set of X(1), K maps Bg(¢) into itself
and is a contraction. We also note that if we replace ¢ in (9) by § = u(., 7; ¢)
for any 7 > 0, then by Lemma 3 and the estimates (11), (12), the correspond-
ing functions ¢ are bounded in X(1) independently of > 0. Hence the
above argument establishes that u(t) € €(r, v -+ y*) for any 7 2> 0, and the
desired result follows.

CoroLLARY. Let e C([0, 11). Then u(-, -;4)e C ([0, 1] X [a, b]) for
0 <a<b<oo

Proof. This is immediate from Lemma 2.
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I

Let u(x, ¢; 1) be the solution of the problem (4)6),

Up == Upg (x’ t) EQ’
i, 1) = (—1) fuG, ), i=0,1, t>0,
u(x, 0) = (), (UEE

in which the functions f; satisfy conditions (H1) and (H2), and ¢ € C([0, 1])s
Define the operators T(t): C([0, 1]) — C([0, 1]) by

Ty =u(, t;4), t=>0.

It follows from Theorem 1 that {T(#)} ¢ > 0 is a semigroup on C([0, 1});
that is, (i) 7°(0) = identity, and (ii) T(s) T(t) = T(s + ¢t) for all s, £ > 0.

LemmA 4. Let e C([0,1]) and v > 0. Then the set {T(ty:t =7} is
precompact in C([0, 1]).

Proof. 1t was shown in Section I that there is a constant K, such that
NTEWl <Ky, for t=0, (14)

where || * ||, denotes the supremum norm in C([0, 1]). Moreover, by Lemma 3,
u,(x, t; ) is uniformly bounded for x&[0, 1] and ¢ > . Hence the set
{T(@#): t = 7} is bounded and equicontinuous, and thus precompact by
Ascoli’s theorem.

In the usual way we define the norm of an element { e CY([0, 1]) by
Hel =1&ll +11& llp - We need the following continuity properties of the
semigroup {T(¢)} t = 0.

Lemma 5. (a) For t >0, T(t) is a continuous map from C([0, 1]) into
CY([0, 1]). (b) For each e C([0, 1) the map T(-): (0, c0) — CY[O, 1]) is

continuous.

Proof. First note that (b) follows immediately from (a) and the known
continuity of T'(-}: (0, oo) — C([0, 1]).

To prove (2) let ¢, — ¢ in C([0, 1]). let 2 >0, and set u(t) = T(t),
u,(t) = T(t}, . Then by Theorem 1,

Hun(t) — u(t)lp—0 as n— 0
and we need to show that

I unw(" t) - uw('» t)|]0-—>0 as n— 0.
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It follows from (8) that

ol ) — (s, 1) = | "Gy, £, DYhal®) — Y()) d

- i J: Golw, 1, ¢ — T){fi(un(i’ 7)) — filu(s, 7'))} dr.

=0

Let 4, and § be the periodic extensions of, respectively, i, and ¢ into R such
that JJ,, and ¢ are symmetric with respect to x = 0 and x = 1. Then the
first term in the expression for #,, — #, can be written as

L= [ = & 00 — de) dz.

Hence
1< [ = & 01 -5up 19a() = O = w021 ho— Y o (19)

We denote the second term in the expression for u,, — u, by I, . It follows
from the mean value theorem and the estimate for f; that for ¢t < 7,

1 ¢
LI <MY f | Gy(w, i, t — 7)| dr. max | (s, 1) — u(x, 2)|
i=0 "0 Or

1
<My fothx(x, i\t — 7 dr. Crlln — - (16)

An elementary computation shows that the two integrals in (16) are bounded
for 0 < ¢ << T. Hence there exists a constant X such that

L <Kl|$n—lo, 0<t<T
This implies, together with the estimate for I, , that
” un:c(" t) - ux(" t)”o < {(Tﬂ)_l/2 + K} ” 'pn - Sl‘o ”0 ’ o<t < T,

from which the result follows.
Define the function V: CY([0, 1]) - R by
1 1 .
O =} [ @)+ X RE)
=0

where

F(p) = | "fle)dg, i=0,1.

It is readily shown that ¥ is continuous.
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Levma 6. Let e C([0,1]) and let 0 <7 <t < 0. Then

VTW) — VW) = — [ ds [ o si ) ds. a7

Proof. Let 0 <8 < }. Following Chafee [4], define V,:CY[0, 1]) - R
by

Vi) = [ WP ds +FLO) +FED)

Since u(-, t; ) = T(t)} satisfies the heat equation, it is smooth in Q. Therefore
for t > 0,

(djde) VAT(W) = w1275
— [ i+ (@ F 0, 15 ) + Bl 5 9
Hence if 0 <7 <t < o0,
VAT — VT = [ w50 ds— [ as [z

+ [Fo(u(0, s; ) + Fy(u(1, 55 $)Is2; -

Let § — 0. Then by Lemma 2 and the dominated convergence theorem we
obtain (17).

For € C([0, 1]) define the w-limit set w(y) by w(y) = {x € CY({0, 1]):
there exists {t,}, #,, — o0 as n — oo, with T(¢,) — x in CY([0, 1])}. We can
now prove our main result:

TueoreM 3. Let i € C([0, 1]). Then, as t — oo, T(t}h — v in CY]0, 1)],
where v is an equilibrium solution.

Proof. Without loss of generality we may assume that ¢ € C([0, 1]). By
Lemma 5 {T(f)}t >0 defines by restriction a semigroup of continuous
operators on CY([0, 1]) such that for every € CY([0, 1]) the map T( )¢:
(0, oo) — CY([0, 1]) is continuous.

Since #(x, t; ¢) is bounded, V(T'(t)4) is bounded below for ¢ > 0. Also,
by Lemma 6, V(T(t)) is nonincreasing for ¢ > 0. Bearing in mind Lemma 4
it follows from [9] that (i) is nonempty, positively invariant (i.e., T(¢) w(y) C
w() for t > 0) and connected. Furthermore, as t — oo, d(T(t), M)— 0,
where d denotes distance in C([0, 1]} and where M is the largest positively
invariant set contained in {x € CX([0, 11): V(x) = inf,., V(T (t)4)}.
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By Lemma 6, M contains only equilibrium solutions. Since these solutions
are by hypothesis (H2) isolated, and since w(3}) is connected, it follows that
w(y) = {v} for some equilibrium solution 2, and that T(¢#}¢ — v in C({0, 1])
as t — o0.

Remark. In [9] it was assumed (partly so as to obtain stronger conclusions
than we require) that the map (¢, ) — T'(t)y is jointly continuous on (0, o) X
CY([0, 1]), whereas we have established only separate continuity with respect
to ¢t and . This apparent restriction was removed by Dafermos [7]; Chernoff
and Marsden [6] have shown, however, that for a semigroup defined on a
metric space joint continuity is implied by separate continuity. For our
problem joint continuity is easy to prove directly.
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